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Abstract. Using a collision by collision model from
Lorentzen et al., the latitudinal and longitudinal disper-
sion of single auroral protons are calculated. The proton
energies varies from 1 to 50 keV, and are released into
the atmosphere at 700 km altitude. The dipole magnetic
®eld has a dip-angle of 8 degrees. Results show that the
main dispersion region is at high altitudes (300±350 km)
and occurs during the ®rst few charge exchange colli-
sions. As the proton travels further down the atmo-
sphere the mean free path becomes smaller, and as a
result the spreading eect will not be as pronounced.
This means that the ®rst few charge exchange collisions
fully determines the width of both the latitudinal and
longitudinal dispersion. The volume emission rate was
calculated for energies between 1 and 50 keV, and it was
found that dayside auroral hydrogen emissions rates
were approximately 10 times weaker than nightside
emission rates. Simulations were also performed to
obtain the dependence of the particle dispersion as a
function of initial pitch-angle. It was found that the
dispersion varies greatly with initial pitch-angle, and the
results are summarized in two tables; a main and an
extreme dispersion region.
Key words. Ionosphere (auroral ionosphere;
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1 Introduction
Energeticprotonspenetratingtheatmospherewillcharge
exchange with the surrounding atmospheric species. In
this process the proton may pick up an electron and
become a magnetically neutral hydrogen atom. This
atom may travel vast distances across the magnetic ®eld-
lines, before it collides with one of the atmospheric
species where it may lose an electron and become a
magnetically constrained proton. These two processes,
thechargecaptureandchargestrippingprocesses,arethe
main reason for the diuse auroral features seen when
observing the proton/hydrogen aurora.
Knowing the lateral dispersion of an incoming
proton beam is essential when trying to solve the
proton/hydrogen transport equations, though very little
work has been done on this subject. The beam spreading
eect is obtained by including a spreading factor in the
one dimensional transport models (e.g., Basu et al.,
1990; Shen, 1993). In a collision by collision model (e.g.
Monte Carlo) the dispersion can be calculated since it is
possible to keep track of the coordinates of each
individual proton/hydrogen atom from the injection
point down to the stop height.
The most referenced work in this context is the paper
by Davidson (1965), where studies are made on the
latitudinal spread of auroral protons. He ®nds that by
using an isotropic injection pitch-angle distribution,
precipitation of proton/hydrogen in the atmosphere
over an area as wide as 600 km occurs. Injection
energies of 5, 10 and 20 keV were used. Davidson
(1965) also states that he had to extrapolate the cross
sections used from 5 to 20 keV, so that the results
obtained may have rather considerable errors. We now
have reliable cross sections for the range 100 eV to
600 keV. In a research note Johnstone (1972), obtained
an approximate expression for the spreading of a ®ne
proton beam, based on the results of Davidson (1965).
Since 1972 several models on proton transport have
been made, but none of these models have included, or
been able to include, any calculations on the dispersion
of proton/hydrogen particles.
The most recent of these proton/hydrogen transport
models, includes a one dimensional model (Jasperse and
Basu, 1982), a numerical approach on coupled proton/
hydrogen transport equations (Basu et al., 1990), and an
implicit ®nite dierencing scheme (Shen, 1993). Basu
et al. (1993) and Strickland et al. (1993) presented the
®rst self consistent electron-proton-hydrogen transport-
theoretical model, by solving the three coupled transport
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account in these models by introducing a spreading
factor. Kozelov (1993) using Monte Carlo calculations
and Jasperse (1997) using a coupled set of two Boltzm-
ann equations, both made calculations on the latitudinal
beam spreading eect for a proton/hydrogen beam.
Galand et al. (1997) presented a multistream approach
to the two coupled Boltzmann transport equations,
which included angular redistributions and magnetic
mirroring eects.
In this work we will show that by using a collision by
collision model, we are able to calculate both the
latitudinal and longitudinal dispersion of single protons.
In order to investigate the spreading we look at single
monoenergetic, monodirectional protons with dierent
initial energies and pitch-angle. The results will then be
compared with the results of both Kozelov (1993) and
Jasperse (1997).
2 Short description of model
We use the model described by Lorentzen et al. (1998)
which is a collision by collision model, where single
particles are injected into the atmosphere with a set of
given initial values. These include pitch-angle, phase
angle, energy and height. There are also some initial
parameters that govern the atmosphere and surround-
ings. They include magnetic ®eld inclination, observers
view angle relative to the magnetic ®eld and position of
the injection point of the particles. The MSIS-86
thermospheric model (Hedin, 1987) is used as the model
atmosphere, and the three major species N2,O 2 and O
makes up the atmosphere. The International Geomag-
netic Reference Field (IGRF Revision, 1987) is used as a
model magnetic ®eld and considered dipolar, but with
no curvature on the ®eld lines themselves. The pitch-
angle for the proton particle is in¯uenced by the
magnetic ®eld due to the conservation of the magnetic
moment, and the pitch-angle for the hydrogen atom is
in¯uenced by the non-parallel ®eld lines. As a result,
most particles with pitch-angles above 65±70 will be
back scattered (Lorentzen et al., 1998). The eect of
inelastic collisions on the pitch-angle is considered
negligible (Lorentzen, 1993). Six dierent collision
processes are used for the proton and hydrogen,
including ionization and excitation for both H and
H, and charge capture for H and charge stripping for
H. Eighteen dierent collision cross sections are used,
and the collisions are determined using a weighted
random selection.
A three dimensional coordinate system with Y
pointing towards geomagnetic south, Z pointing to
geographic zenith, and X completing the right hand
system, is used for this study. The magnetic ®eld lines
are placed in the Y-Z plane (geomagnetic meridian
plane), and have a constant angle of inclination b tilted
southward. This angle is often referred to as the dip
angle, and is typically in the order of 10 degrees in the
auroral zone. For a proton spiraling down the ®eld lines
the deviation in x, y and z coordinates are given by
x0  x
y0  y ÿ ds cosh sinb
z0  z ÿ ds cosh cosb ; 1
where ds is the line segment traversed by the proton
through the atmosphere, until a new collision occurs, h
is the pitch-angle of the proton, and b the dip angle of
the magnetic ®eld lines. We have no motion in the X
direction and the minus sign in the Y direction arises
since the magnetic ®eld lines are tilted southwards.
The deviation for the hydrogen atom, involves a
slightly more complicated expression, because the
hydrogen atom is magnetically neutral, and hence, not
constrained by the magnetic ®eld lines. This means that
both the X and Y values might change, and that the
deviation must depend on the azimuthal angle, or phase
angle, as well as the pitch-angle and the inclination of
the magnetic ®eld lines;
x0  x  dssinh cos/  cosb ÿ sinb
y0  y  dssinh sin/  cosb  sinb
h0  h  dscosh ÿ b 2
where h is the pitch-angle, / the phase angle and b is the
dip angle. The phase angle was assumed to vary
randomly throughout the atmosphere. The choice of a
random phase angle was made after making simulations
where a new phase angle was calculated from the speed
and direction of the proton/hydrogen particle for each
new collision. A power spectrum analysis of these
calculated phase angles showed a power spectrum
similar to that of a random group of elements.
3 Proton/hydrogen dispersion
Two sets of simulations were made. The ®rst set
(simulation set A) was made with monoenergetic protons
with energies of 1, 2, 5, 10, 20 and 50 keV, and with
isotropic pitch-angle distributions, consistent with rock-
et and satellite observations (Sùraas et al., 1974; Miller
and Whalen, 1976; Urban, 1981) over the lower
hemisphere. The second set of simulations (simulation
set B) were made with monoenergetic protons with
identical initial energies as simulation set A, but with
static initial pitch-angles ranging from 1 to 90 for each
initial energy. The pitch-angles for each proton/hydro-
gen particle was allowed to vary according to the ®rst
adiabatic invariance (proton) and curvature of the
magnetic ®eld (hydrogen) as the particle penetrated the
atmosphere.
In both these simulations the protons were injected at
an altitude of 700 km with geographic coordinates
78.2N, 15.6E. (Longyearbyen, Svalbard.) Due to the
dip angle of the magnetic ®eld lines (8, tilted south-
ward) the particles injected at 78.2N, 15.6E tends to
travel poleward of the injection point, indicating that
auroral hydrogen features seen in the zenith of an
observation site in the Northern Hemisphere has an
injection point equatorward of that site.
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For simulation set A, the modeled data are presented as
a scatter plot with latitude/longitude versus height. Each
point in the plot indicates the collision position of a
proton/hydrogen particle with one of the constituents of
the atmosphere. A Gaussian density function is calcu-
lated for each scatter plot, and the contours of the
Gaussian density are then plotted on top of the scatter
plots. These contours are sometimes referred to as
concentration ellipsoids since they indicate regions where
the particle density is most concentrated. The concen-
tration ellipsoids are found by calculating the covariance
matrix of the elements in the scatter plot. The eigenval-
ues, ki, and the eigenvectors, ei, of the density matrix
yields the sizes and rotation respectively, of the principal
axes of the ellipse. On the order of 60% of the particles
will be contained within the concentration ellipsoids.
Figures 1 and 2 gives the particle positions at the
third and last collision for particles with energies from
1 to 50 keV, with isotropic pitch-angle distribution. For
the third collision it is apparent that the collision
altitude occurs around 300 to 350 km, and that the
collision altitude is approximately independent of ener-
gy. This is probably due to the low ionospheric particle
density above these altitudes, i.e., the penetrating
particles have a low probability for collisions regardless
of initial energy at these altitudes.
It is also apparent that the particles are dispersed
poleward of the injection point for the latitudinal
deviation (78.2N), and dispersed symmetrically around
the longitudinal injection point (15.6E). The reason for
the asymmetry in the latitudinal case is the southward-
tilted magnetic ®eld. The proton particles are magnet-
ically constrained and will follow the magnetic ®eld lines
until a charge exchange occurs. Looking at the width of
the concentration ellipsoids, we see that for the latitu-
dinal case the width is almost constant with a value
about 100 km for all injection energies. For the longi-
tudinal case, the width seems to be constant with a value
about 70 km for injection energies above 2 keV, but
with smaller dispersion widths for < 2keV simulations.
For the last collision we see that the collision altitude
varies dramatically with increasing energies, but with the
same asymmetry and symmetry for latitudinal and
longitudinal dispersion, respectively, as with the third
collision. The width follows the same trend as with the
third collision, i.e., an almost constant width, indepen-
dent of energies for the latitudinal case, and with a more
varying width in the longitudinal case. When comparing
the widths for the third and last collisions at the same
injection energies, we see that the last collision region
has a dispersion width around 10 to 30% wider than
where the 3 collision occurs. This is within the uncer-
tainty of the concentration ellipsoids, so we can
conclude that the dispersion width of a proton/hydrogen
beam injected at 700 km is determined within the ®rst
few charge exchange collisions.
Figure 3 displays the mean penetration depth of
injected protons with energies ranging from 0.1 keV to
100 keV. The mean stop altitudes range from approx-
imately 220 km for the 0.1 keV particles down to
105 km for the 100 keV particles. We see that the
2 keV particles reach down to the region between
130 km to 150 km where the atmospheric density starts
its exponential growth. There is an almost linear
dependence on stop altitude versus energy before and
after that region. From this region and below we ®nd the
main emission regions for hydrogen aurora.
3.2 Dierential volume emission rate
The dierential volume emission rate as a function of
height can be found by
Dnm 
Anm
Pnÿ1
m1 Anm
NMhrnm
effvnh;h;/Fr;v ; 3
in units of (photons cmÿ3 sÿ1 srÿ1 keV
ÿ1), when assum-
ing negligible collisional quenching. Anm is the sponta-
neous transition probability between the levels n and m,
NM atmospheric number density, rnm
eff the eective
excitation cross section, nh;h;/ the pitch-angle distri-
bution and Fr;v the directional particle ¯ux. In Fig. 4,
the volume emission rate versus altitude for initial
energies between 1 and 50 keV is shown. There are
strong diurnal variations in the precipitating energy of
auroral protons, and using Doppler shifted emission/
wavelength pro®les the `bulk' energy can be deduced by
looking at the emission intensity and half width at full
maximum (HWFM) of the line pro®les. Nightside
auroral particles are more energetic than dayside auroral
particles, and typical values for dayside proton precip-
itation are in the order of 1 to 3 keV, while nightside
precipitations are in the range 5 to 10 keV. (see Sigernes
et al., 1993; 1996; Sigernes, 1996; Lorentzen et al.,
1998). From Fig. 4 we can deduce that typical dayside
emission altitudes are from 130 to 160 km, while
nightside emission altitudes range from 110 to 130 km.
We also see that the dayside volume emission rate is on
the order of 10 times weaker than the nightside emission
rate for equal ¯ux magnitudes.
3.3 Modeled auroral hydrogen arc
Figures 5 and 6 show an auroral hydrogen arc with the
volume emission rate as a function of altitude and
proton dispersion for particles with `bulk' energy of
5 keV and isotrophic pitch-angle. In Fig. 5 the geomag-
netic east-west (E-W) direction is plotted, and we note
that the emissions are symmetric with respect to the `0'
injection point and that the main emission region is
located within a 140±150 km region. Figure 6 shows the
geomagnetic north-south (N-S) direction and we note
the asymmetric emission distribution with respect to the
`0' injection point, which is due to the tilt angle of the
magnetic ®eld lines. The N-S emission region covers a
200 km wide area. The modeled auroral hydrogen arc
shows that a typical altitude distribution for the given
initial conditions is 30 to 40 km.
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Fig. 4. Volume emission rate versus altitude, for protons with 1, 2, 5,
10, 20 and 50 keV initial energy
Fig. 5. Modeled auroral hydrogen arc in
the east-west geomagnetic direction, for
particles with injection energies of 5 keV
and isotropic pitch angle distribution
Fig. 6. Modeled auroral hydrogen arc in
the north-south geomagnetic direction,
for particles with injection energies of
5 keV and isotropic pitch angle distribu-
tion
86 D. A. Lorentzen: Dispersion of Auroral protons3.4 Simulation set B
The purpose of simulation set B is to investigate the
dispersion of the proton/hydrogen particles as a func-
tion of initial pitch-angle. The simulation was conducted
for the same range of energies as simulation set A, and
each of the initial energies ran with static pitch-angles of
1, 5, 10, 20, 30, 40, 50, 60, 70 and 80. It was found that
the dispersion as a function of initial pitch-angle was
approximately energy independent, so the results could
be broken in to two parts an extreme dispersion region
and a main dispersion region. More than 90% of the
particles fall within the ®rst region, while around 60% of
the particles fall within the latter.
Table 1 gives the modeled values for the extreme
dispersion region. The ®rst feature we would like to
point out is that the latitudinal dispersion is greater than
the longitudinal dispersion. The reason for this is the tilt
of the magnetic ®eld in the geomagnetic meridian plane.
The magnetically constrained protons follows the tilted
®eld lines in this plane, but this eect is absent in the
longitudinal case. We also note that for both the
latitudinal and longitudinal case there is a pronounced
jump in dispersion width above 60 initial pitch-angle. A
likely reason for this is that the particles with pitch-
angles above 60 are allowed to travel vast distances in a
low density atmospheric region, so that collisions occur
more infrequently than for particles with lower initial
pitch-angles. The latter particles reach denser regions
faster, which results in smaller mean free paths for these
particles.
Table 2 gives the modeled values for the main
dispersion region. This is the region where most of the
particles producing emissions are located. Note that the
particles with initial pitch-angles above 70 most likely
will not produce any light measurable by ground-based
optical instruments (Lorentzen et al., 1998). This is
because these particles will most likely mirror before
they reach emission altitudes. Using Table 2, we are then
able to deduce that the light producing particles from a
beam of protons emanating from one single injection
point are likely to be contained within a 200 (N-S) by
140 (E-W) km region for particles with maximum initial
pitch-angles around 60 to 70. Note that this is only a
rough estimate, and may vary considerably e.g., accord-
ing to the pitch-angle distribution of the beam.
3.5 Model comparison
Although there are dierent initial conditions and
parameters, it is interesting to compare the latitudinal
beam spreading results of the present work with those
obtained by Kozelov (1993) with his Monte-Carlo
calculations and Jasperse (1997) with his solutions of
the two coupled Boltzmann equations.
Taking Jasperse's (1997) Fig. 2 as a starting point, he
calculated the normalized beam half widths for a proton
and hydrogen beam in the altitude range 600±280 km,
for particles with initial energies of 8 keV. In the lower
part of this region, Jasperse's (1997) full beam width at
the 1/e point can be estimated to be on the order of
80 km. Using Fig. 9 in Kozelov (1993), where a proton
beam with initial energy of 10 keV is used, the full beam
width of 80% of the particles at 280 km altitude is on
the order of 140 km. Using Fig. 2 in the present work,
we see that the altitude region around 280 km corre-
sponds nicely to the third collision region for a proton
beam with 10 keV initial energy. The full beam width of
the concentration ellipsoid (i.e., approximately 60% of
the particles) is on the order of 100 km in this case.
For models that are so dierent in method and
composition, there is a good correlation between the
results of the dierent papers. The Kozelov (1993)
model and the model used here are more similar than the
model presented in the Jasperse (1997) paper, and, not
surprisingly, they have a better agreement in the model
results. The Jasperse (1997) paper seem to have slightly
underestimated the total beam width as compared with
the other two, but this can probably be attributed to
dierent model setups, such as model atmosphere,
magnetic ®eld and other initial parameters.
Note that Jasperse (1997) also states that very little
beam spreading occurs from 280 to 150 km for a given
energy distribution, which agrees well with the results of
this study. There are however disagreements with the
Kozelov (1993) paper, which states that there is an
energy dependence of the beam width below 280 km for
Table 1. Extreme dispersion region
Initial
pitch-angle (°)
Longitudinal
(E-W) (km)
Latitudinal
(N-S) (km)
1 2 (0.5) 3 (1)
5 10 (2.5) 15 (4)
10 25 (6) 40 (10)
20 50 (12) 75 (19)
30 80 (20) 120 (30)
40 115 (29) 180 (45)
50 155 (38) 245 (61)
60 210 (52) 325 (81)
70 400 (100) 600 (150)
80 800 (200) 1000 (250)
E-W is geomagnetic east-west direction, N-S is geomagnetic north-
south direction
Table 2. Main dispersion region
Initial
pitch-angle (°)
Longitudinal
(E-W) (km)
Latitudinal
(N-S) (km)
1 1 (0.3) 2 (0.5)
5 5 (1.3) 8 (2)
10 10 (2.5) 15 (4)
20 20 (5) 35 (9)
30 40 (10) 70 (18)
40 60 (15) 105 (26)
50 80 (20) 140 (35)
60 105 (26) 180 (45)
70 155 (38) 220 (55)
80 200 (50) 300 (75)
E-W is geomagnetic east-west direction, N-S is geomagnetic north-
south direction
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several important factors that have to be taken into
consideration in this problem, and they are all connected;
a collision, at any given altitude, is determined by the
initial pitch-angle and initial energy of the particle.
Knowing this, the probability for a certain collision to
happen can be found from the collisional cross sections
(which is a function of the particle energy) and the
atmospheric density (which is a function of the altitude).
The most important collisional cross sections for the
beam spreading problem are charge capture and charge
stripping. When looking at the cross sections it is
important to be aware of which target gas we are looking
at. Kozelov (1993) uses a model atmosphere consisting of
N2, while the present model uses atomic and molecular
oxygen in addition. This is an important point since in
the 10±50 keV energy range there is factor of 5 dierence
in the charge stripping cross section for N2, while in the
same energy range there is only a factor of 2 dierence
between the two extremities for O and O2. Hence the use
of an N2-only atmosphere will favor beam spreading for
low energy particles more than a three species atmo-
sphere would do. For particle energies above 50 keV one
should see a noticeable dierence since the charge
capture cross section decreases substantially above this
energy for all gases. Hence, it is the authors view that
there is not a large energy dependence in the beam width
for particles in the energy range 10±50 keV.
4 Conclusion
Using the model presented in Lorentzen et al. (1998), we
have investigated the latitudinal and longitudinal dis-
persion of auroral protons:
1. Particle positions were found using the pitch-angle,
phase angle and the inclination of the magnetic ®eld
lines.
2. Simulation set A was performed using monoener-
getic particles with energies of 1, 2, 5, 10 ,20 and 50 keV,
with isotropic pitch-angle distribution. The results were
presented as scatter plots with concentration ellipsoids
superimposed. These ellipsoids indicates the highest
density region of the dispersed particles. Particles
dispersed along the N-S geomagnetic meridian tends
to travel poleward of the injection point. The dispersion
seems to be determined during the ®rst few charge
exchange collisions, and the dispersion seems to be
independent of energy.
3. The penetration depth (mean stop altitude) was
calculated for particles with initial energies from 0.1 to
100 keV. The mean stop altitude ranged from 220 km
down to 105 km for the given energies. The mean stop
altitude was also found to coincide with the main
emission region.
4. The main emission region was found to be located
between 130 to 160 km altitude for dayside auroral
hydrogen emissions, while the nightside auroral hydro-
gen emissions where found to be located in the region
between 110 and 130 km. The dayside emission rate is
generally 10 times weaker than the nightside emission
rate for equal ¯ux magnitudes.
5. Simulation set B was performed using monoener-
getic particles with the same energies as set A, but with
static initial pitch-angles ranging from 1 to 80. The
results of this simulation were presented in two tables,
showing the extreme and main dispersion regions as a
function of initial pitch-angle. We found that the particle
dispersion is greatly aected by the initial pitch-angle,
and that the latitudinal dispersion is greater than the
longitudinal due to the tilt of the magnetic ®eld in the
geomagnetic meridian plane. Particles with initial pitch-
angles above 60 to 70 have a very wide dispersion width,
but are most likely to mirror before they enter the main
emission altitudes, and hence will not produce any light.
6. A typical dispersion region for a beam of auroral
protons injected at the same injection point was found
to be contained within a 200 km (N-S) by 140 km (E-W)
region.
7. A fairly good agreement on the latitudinal beam
spread with two other models were also obtained, which
substantiate the validity of the present model.
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